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We prove a new type of N-representability result: given a totally symmetric density
function p, we construct a wavefunction W such that the totally symmetric part of py (its
projection over the totally symmetric functions) be equa to p, and, furthermore, such that
W belongs to a given class of symmetry associated to the symmetry group of a molecule.
Our proof uses deformations of density functions and which are solutions of a “Jacobian
problem”. This alows us to formalize rigorously an idea of A. Gorling (Phys. Rev. A 47
(1993) 2783), for Density-Functional Theory in molecular quantum chemistry, by defining
a density functional that takes into account the symmetry of the molecule under study.

1. Introduction

In this paper we are interested in N-representability problems with symmetry
that occur in Density-Functional Theory (DFT) methods, in molecular quantum chem-
istry. DFT was developed in order to find simpler models of the N-electron problem
(see, for instance, [23,26,29,41] for the physical approach and [1,8,15,31,45] for some
mathematical results). For a given N-electron atom or molecule, the problem is to
obtain an approximation of the lowest energy Eg of the system

Ep:=inf {<w,Hw>, We H' N L5(RY), /|Lp|2 = 1},

where H is the Hamiltonian of the molecule;

N 1
H=-D+) vx)+ > ——— 1)

i—1 1<i<j<N [Xi = %]
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and where, for x € R3,

P s
v(x):Z’X_R.’. @
=1 !

We have denoted (-, -) the scalar product on L?(R3Y), x; € R3 the ith space variable,
L3R3N) = AN, L2(R3) (the closed space of antisymmetric and square integrable
wavefunctions), H! = {W¥ € L?, VW € L?}, A the Laplacian on R3Y, and in (2) v is
the Coulomb potential created by afinite set of P nuclei at (distinct) positions R; € R3
and of charge +Z;. In this paper we do not consider the spin variables in order to
simplify the presentation of the results. (For other potentials and spin variables, see[3,
chapter 1V].)

Levy [30] and Lieb [31] already obtained a rigorous formalization of DFT. The
key point uses the following N-representability result (initially due to Macke [35], see
aso [21,44]): if N > 1 and p > O is such that \/p € HY(R3), then there exists a
wavefunction W € L2(R3V) N H* such that py = p. We have denoted py the density
function associated to W:

pw(X) = N/ |LIJ(x,x2,...,xN)\zdxz---de ®)
R3(N-1)

(when N > 2) and py(x) := |W(X)|? when N = 1. Hence for any p > 0 such that
VP € HY(R®), we can define the density-functional

E[p] := min{(W,HW), py = p, W € LZ(R3*) n H'} (4

which satisfies
Eo = inf {E[p], p=0, /peH(RY, / p:N}.
R3

A general way to construct wavefunctions W such that py = p is given in [5,33], for
instance, and will be also used in the present paper.

One drawback of the above approach is that the symmetries of the molecule are
not taken into account explicitly. In[32] (arevised version of [31]), density-functionals
for excited energies are proposed, but the symmetry is not used. For improvement of
existing density-functionals, or comparison between them, it could help to have a
rigorous definition of a variational exact density-functional including symmetries. In
this paper one aim is to obtain such a variationa formulation of DFT.

Precisely, we also search a density-functional for

Eor ::inf{(LP,H%, WernHNLi(RY), /|w|2:1},
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where I is a given class of symmetry (a subspace of L2(R3V)) associated to the
symmetry group G of the molecule (1)—(2). In this paper G is defined by

G:={Q e 0@, v(Q) =} (5)

In (5) the center of G is assumed to be at the origin. (See section 3.1 for more
precisions.) We recdl that I' can be different from the symmetry class associated to
the trivial character: if v € I and @Q € G then, in general, W(QXq,...,QXN) #
W(X1,...,Xn). Thereis a choice of I' for which Epr is equa to Ep; if Eor < O
then it is an eigenvaue of H (since the nonpositive spectrum of 7H corresponds to
eigenvalues).

In order to define adensity-functional for Eq of the sametype as E[p] in (4), this
poses the following N-representability problem: find a wavefunction W € LZ(R3V) N
H? such that

pw=p and Wer. (6)

Note that this kind of question appears (more or less implicitly) in more recent DFT
theories for excited states and symmetries. We refer, for instance, to Englisch et al.
(see equations (1) and (2) in [14]) and Gorling [18] (see equation (6) therein). In the
theory of Gross et al. [20] (see equation (109)), they use a minimization over density
matrices that yield a given p density; but some symmetry assumption should be added
in the set of density matrices in the case of applications, and thus also on the densities.
A similar question occurs when the Kohn—Sham potential is searched through the
minimization of the kinetic energy with a fixed density constraint (quantities such as
Ts[p], see equation (112) in [20] or equation (10) in [14]). We refer to [13,19,38] and
references therein for new approaches and problems with symmetry and excited states
calculations in DFT.

Now we remark that (6) has been solved in particular cases. For instance, in [44],
for atoms, p isradial and W is searched in the form of a determinantal wavefunction
and in . In the atom case also, more general solutions were obtained in [27,42,45]
using a deformation approach. For a molecule with finite symmetry group a partia
answer to (6) is given in [5] when p is “totally symmetric”, i.e., such that

p(QX) = p(x) foral Q € G and x € R?,

and when I is a class of symmetry of dimension one (which means, in this paper,
that the irreducible representations of I are of dimension one: W(QXy,...QXy) =
MQ)W(Xq,...,Xn); see section 3.1). We do not know solutions when I is not of
dimension one, in particular if the symmetry I cannot be obtained by determinants.

Of course, solving (6) is not possible in general. For instance, in the atom case
(G = 0(3)), if we take p to be a nonradia function and if ' is of dimension one,
then py isradial for any W € I and thus py # p. Also, if p is aradial function, and
if ¥ €l where " is not of dimension one, then in genera pw will not be a radia
function.
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In this paper we solve an alternate problem. Let i be the Haar measure of G.
We define p as the projection of p on the totally symmetric functions, i.e.,

o L
) = s /Q Q@)

Our main result (theorem 2.1) is to show that for any p totally symmetric (i.e., p = p)
and which satisfies, furthermore, some natural physical assumptions (cusp at the nuclei
and exponentia fall-off behavior, see definition 2.3), there exists a wavefunction W €
LA(R3N) N H* such that

pp=p and Werl. (7

The resolution of (7) is one of the implicit problems posed by Gorling in [18] but
not solved (yet in [18] the focus is on spin symmetry problems). Then, following
the approach of Gorling, we propose a formalization of DFT similar to Levy—Lieb’s
formalization but that, furthermore, takes into account the spatial symmetries of the
molecule (see theorem 2.3; our density-functional Er[p] in equation (8) corresponds
to equation (22) in [18]). This approach has aso been used implicitly in [34]: when
the authors improve the density function of a basic wavefunction model for Li, B, and
F atoms, they improve (or control) only the radia part of the density function.

Main results are stated in section 2, and proved in section 3. In order to solve (7)
we shall use “deformations’ of densities [5,27] as explained in section 3.4. But firgt,
we shall need to construct a wavefunction W, € I such that py, has good regularities,
does not vanish anywhere, and has other natural behavior properties (section 3.3). This
may appear obvious by hand-waving arguments, still this is one of the mathematical
difficulties of the paper (and not a consequence of [5]). For N = 1 and for an atom
or a diatomic molecule, it is sometime not possible to obtain nonvanishing density
functions py, (even after symmetrization — see section 3.7), while there is no such
problem if N > 2.

At the same time, we shall also need to list precisely which symmetry classes I
are non-empty, i.e., such that I N L2(R3VN) £ {0} (when I' corresponds to a given
symmetry group and character); this never happens when N > 3, happens once when
N = 2 (in the atom case), and in several cases for N = 1. We were not able to find
this kind of result clearly stated in some textbook. For al these reasons we have to
construct almost explicitly a nonzero wavefunction W € I' each time this is possible
(this part is mainly algebra). Finaly, we shall need some density results (section 3.6)
in order to obtain Epr as an infimum of Er[p] over symmetric p densities.

In a concluding section (section 4) we propose more practical ways to use the
ideas of the paper and give links to recent related works.

The results of the paper can be generalized in order to treat spin symmetries, and
also can be applied to other symmetries (such as in periodic systems [8,9]).
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2. Main results

In this section we give our main results in the setting of molecular quantum
chemistry. We first define a set of density functions for which we can solve (7).

2.1. Definition of H'-admissible density functions

Following physical studies (as in [5]), we may characterize the behavior of the
density functions at the nuclei positions K = { Ry, ..., Rp} by cusps conditions [25,40]
and at infinity by an exponential fall-off condition [22,46] as follows. We denote
X = (r,w) in the spherica coordinates (w € S? and r > 0).

Definition 2.1 (Cusp). We say that p:R3 — R* has a cusp in x = 0 if in the
neighborhood of r = 0,

p(r,w) = a+ b(w)r + o(r),

with ¢ > 0 and b € C9(S?,R), and where o(r) is uniform with respect to w € S2.
Similarly, we say that p has a cusp in xo € R3 if p(x + Xg) has acusp in x = 0.

Definition 2.2 (Exponential fall-off). We say that p:R3 — R, has an exponential
fall-off at infinity if, when » — oo,

o(r, w) = A(w)rPe " + 0(7“56_0”"),

where o > 0, B € R, A(w) € C°(S? R*) and o(r? e~") is uniform with respect to
w € S2.

Now we can introduce;

Definition 2.3 (H'-admissible densities). Let G be the point group of a molecular
system with nuclei K. We say that p is H'-admissible if:

(i) p € COR®RY) N C*(R3\K);
(i) p istotally symmetric (i.e., p = p);
(iii) p hasacuspineach x € K,
(iv) p has an exponentia fall-off;
(v) (Vp)/p is bounded.

Note that if p is H*-admissible then \/p belongs to HX(R3) (using V/p/./p =
1V p/p thus bounded).
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2.2. N-representability results

Our main N-representability result is:

Theorem 2.1. Let I be a class of symmetry such that I N L2(R3N) £ {0}.

(i) If N > 2 and if p is H'-admissible, then 3W ¢ I N L3(R3N) N H* such that
Py = p.

(i fN=1 p>0, p=pandpc LYR3), then IW e I N L*(R3) such that py = p.

To prove this theorem, the main problem, in this paper is to find at least one W,
in T N L2R3N) N H! and such that py, be H-admissible (see section 3.3). Then we
shall use the results of [5] in order to “deform” W, into a W, with the same symmetry
and such that py, = p (see section 3.4).

We then deduce N-representability results which do not make reference to
H'-admissible density functions.

Corollary 2.1. Let ' be a class of symmetry such that I N L3(R3V) # {0}. The
following density results hold:
(i) For N > 2 and for the H*(R3)-topology:

(Vpo, We HINLZ(R3N)NT} = {/p, p=0, \/pe HYR®), p=7).
(i) For N > 1 and for the L?(R%)-topology:

{Viw, We I3®RN)NT} = {/p, p=0, pe L}R%), p=7}.

Slightly more genera results are given in section 3.7. Note that for N = 1 and
when regularity H* is required, the above results may be false because of the vanishing
sets of the density functions (see section 3.7).

2.3. Other N-representability results (atoms, linear molecules)

When we do not require the H-regularity, we can improve the results of corol-
lary 2.1 as follows. We recall that the molecule is called an atom when there is only
one nucleus and a linear molecule when P > 2 and all nuclei are aigned.

Theorem 2.2. Let N > 1 and let I' be a class of symmetry associated to an atom or
alinear molecule and such that I N L2(R3N) £ {0}.

() {pw, We T NLIR¥)} ={p, p 20, p€ L'(R®), p = p}.

(i) W e TN LARN) — pw €{/p, p =0, pe LYR®), p = p} is an open map
for the L2-topology.



O. Bokanowski / New N-representability results 277

In order to prove theorem 2.2 we shall use the technics of [4] where it was
already proved that W € LA(R3") — \/py € L3(R3,R,) is an open map. This type
of question was first asked by Lieb in [31]. Note that this is till an open problem
from H N L3(R3N) onto HY(R3,R.).

2.4. Definition of a density functional with symmetry

Let N > 2. Let T be such that I N L2(R3N) #£ {0} (we prove this is always true
except for the atom in one case, see remark 3.3). Using theorem 2.1, we can define
for any p H'-admissible:

Erlp] = inf {(¥, HW), W e T N L5(R*) N HY, py = p}. (8)
We then show, as expected:

Theorem 2.3. Let N > 2 and ' such that ' N L3(R3N) # {0}. Then Er[p] is a
minimum, and

Eor = inf{Er[p], p H'-admissible, / p= N}. 9)
R3

Hence Er[p] isadensity functional for Ep . Possible utilizations of this approach
to DFT are discussed in section 4 (see also [34], and aso [3, chapter IV], [5,6]).

3. Proofs
3.1. Preliminary definitions

In this section we recall some basic definitions and notations related to the sym-
metry [24,43] and introduce other ones more specific to the paper.

Notation. We identify O(3), the group of orthonormal matrices (QTQ = Id), with the
isometries of R3 that let the origin invariant. SO(3) denotes the rotations of O(3). We
denote Id the identity function (or matrix), I the inversion in R3 (I(x) = —x), U(d)
the unitary matrices of dimension d.

Symmetry group. Let 1som(R3) be the set of isometries of R3. In this paper we
define the symmetry group (or point group) of the molecule associated to H by

G ={Q €lsom(R%); ToH =HTo}, (10)
where

ToW(Xa, ..., Xn) = W(QX1, ..., QXN). (11)
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Note aso that
N N
fMTd=[<§:MM0Jb]=<§:@@0—“@®0TQ
=1

i=1 i

(where [A, B] = AB — BA). Hence @ € G if and only if v(Q) = v.

Then we recall that there exists xo € R® (the center of G) such that VQ € G,
@Xo = Xo. Hereafter, we assume that X is the origin. Thus G is a subgroup of O(3)
and is equivaently defined by (10) or (5).

Atoms. Inthe atom case, P =1 (R1 = 0) and G = O(3). We shall use the spherical
coordinates (r, 8, ¢), where r > 0, ¢ € (0,2r), and 8 € (0, 7), related to the Euclidean
coordinates by x = r cos(¢) sin(d), y = r sin(¢) sin(d), and z = r cos(f). Then p is
radial and (with dw = sin(#) df d¢):

» 1
;mzﬂéﬂme

Linear molecules. When the nuclel are aligned (and P > 2), we can suppose that
(O2), the z-axis, is confounded with the nuclel axis. We denote SO(2) for the rotations
of z axis, and O(2) for the group generated by SO(2) and a symmetry with respect to
a plane which contains (Oz). We recall that only two situations may occur.

e If the linear molecule is not symmetric with respect to any plane perpendicular to
(Oz), we have G = O(2).

e Otherwise, there exists such a plane of symmetry (and we can assume it contains
the origin), and we then have G = O(2) x {Id, I} (the group generated by O(2) and
the inversion ).

For instance, diatomic molecules (P = 2) are linear molecules. If Z1 # Z,, then
G = 0(2), and if Z1 = Z, then G = O(2) x {Id, I}.

For linear molecules, we shall use the cylindrical coordinates (r, z, ¢) such that
r >0, ¢ € (0,2r), and z € R, and related to the Euclidean coordinates by = =
r cos(¢), y = rsin(¢), and with identical z component.

For G = O(2):

B 1 2r
P(Tyz) = g/o p(T‘,Z,gb) d@!

and for G = O(2) x {ld, I}:

2m
52 =4 [ (002004 ol —2.0) .
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Note. O(3), O(2) and O(2) x {Id, I} are aso denoted O, Coor, and Dy, in chem-
istry.

Finite point groups. When the nuclei are not aligned (P > 3), we say that the mole-
cule is nonlinear, and in this case G isfinite. If |G| denotes the cardinal of G, then

500 = = 3 @9
[P

Classes of symmetry. We recall that there exists a Hilbert decomposition of L?(R3V)
into classes of symmetry associated to the unitary representation Q € G — (Tg) ™!
(see (11)). Each class of symmetry I' = I'() can be defined by a character x: G — C
as follows:

Mx) == {We L2(R¥), PLY =y},

where P, is the orthogona projector on T, i.e.,

S
RY= s | a@x@Te¥

and where d € N* is the dimension of any irreducible unitary matrix representation
Q€ G — M(Q) € U(d) such that VQ € G, Tr(M(Q)) = x(Q).
If P,W=WbutWisnotin L? we shal ill say that W is of symmetry I'.
The classes of symmetry I' = I'(x) such that I' N L3(R3Y) £ {0} will be listed
in section 3.3.

Dimension of a class of symmetry. In this paper we aso denote d = dim(I") and say
that d is the dimension of I" (or x). For instance, if I = (x) and dim(I") = 1, we
know that W € T if and only if W € LAR3) and VQ € G, ToW = x(Q)¥ (and in
this case py = pw).

Operator Ay and Slater determinants. Let Sy be the set of permutations of
{1,...,N}. The operator Ay is defined from L?(R3") into L3(R3V) by

AN[W] (Xa, . .., XN) == Z (@)W (Xo(1), - - - » Xo()) (12)

geSN

1
VNI
where (o) is the signature of the permutation o.

We say that W:R3N — C is a Sater determinant when it is of the form

W= Ay[p1(x1) - dn(Xn)] (13)

(we also denote W = An[o1--- dn]), and recall that if the set (¢;) is orthonormal in
L(R®) then py = YOI, |42
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3.2. Preliminary results

We first establish some useful elementary inclusions and density results.

Proposition 3.1. (i) \/p — /7 is I-Lipschitz on L2(R3 R.).
(i) /p — \/ﬁ is continuous for the H* norm, and

IV Vo], < IV Vol

Proofz. (i) We have ||\/p2—/p1ll3 = [(p2+p1—2+/p1+/p2)- By Schwarz inequality
on LG, du),

VP1p2 S NS

We have dso [ p = [ p, thus

VR~ VAl < [ 7+ i -2y = i Vil

(i) We must take care of the points where the density functions may vanish.
Let A = {x € R3, p(x) = O}. We recal that if \/p € H?, then Vp € L! with
Vp=2/p(Vp), Vp=13(Vp)//paeonR3\Aand V,/p=0ae on A

First we show that \/p € H* = \/p € H* and with the bound ||V+/5 ]2 <
| Vy/pll2. Note that it suffices to obtain the bound for a regular p such that p > 0 and
VP € H* (then use density results). In fact we have, a.e. on R3:

vV < Vvl (14)

To seethis, write V5 = Vp = 2,/4(V /7). Then, by Schwarz inequality on L(G, dy),
V72 < 4V /52 7. Also, 45|V /7|2 = |52, and we obtain (14).

To prove the continuity of \/5 — /5 on HY(R®), let p,, > 0 be a sequence such
that \/pn, —— /p in H*. We aready have \/p, — /7 in L? because of (i). Then,
it suffices to show that from any subsequence of \/,5_; we can extract a subsequence

that converges in H(R3) to the same \/Z’ After a change in the indices, we just have

to prove that there exists a subsequence of V/p, that converges to V\/Z“ in L.
We can suppose, after extraction, that V,/p, is ae. convergent and dominated

by ag € L3([R%), with g > 0, and that +/p, is dso ae. convergent to /7 (because
Vpn — +/p in L2(R®)). Using the bound in equation (14), we obtain [V+/p, |2 <
|V/\/\,;_:|2 < g2 Thus, |V\/p,| is dominated by \/; in L2(R3). In order to conclude
by Lebesgue's domination theorem, we want to obtain that V+/p,, is ae. convergent
towards V/p.
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In the case p(x) > 0, we have p,(x) > O for n large enough. So V/p,(X) =

3(Vn)(X)/+/pn(x) converges towards 3(V5)(x)/v/2(X) = V/p.
In the other case, let B = {x € R3, p(x) = O} (for a representative of p). We
know that V+/p = 0 on B (because V/p € HY). In order to show that V/p, — 0

ae. on B, it suffices to show that u,, = [5|V+/pn|> — O (then, we obtain the
result by extraction). But u, < v, = [5|V/pn|?>. We have dso V,/p, — V/p
in L?, o |[V/pn|? — |V/pl? in LY, and thus |V /pn2 — |[V,/p|2 in L. Thus

v, — v = [5|V/p[?. We know aso that ae. (x,Q) € B x G (for the measure
dz ®du), we have p(x) = 0, so p(Qx) = 0, and dso (V,/p)(@X) = 0. Thusa.e. on B,

|V/p| =0, sov=0and lim(u,) = 0. This concludes the proof. O

Corollary 3.1. (i) W € L2(R3N) — /py € L?(R3) is 1-Lipschitz.
(i) W € HY(R3N) — /py € HY(R3) is continuous.

Proof. We recal that W ¢ L3(R®N) — /py € LA(R3) is 1-Lipschitz, and that
W e HYR3N) — /py € HY(R®) is a continuous mapping [31]. Hence the result is a
corollary of proposition 3.1. O

Definition 3.1. Now we introduce the following sets:

Do(N):={/pw, We T nL2(RN)},

Di(N):={v/pw, We T nL2(R¥N)nH,
Doi={\5. p>0, yre X&), p=p},
Di:={Vp, p>0, p e H'(R®), p=p}.

Then, using corollary 3.1 we obtain:
Remark 3.1. Do(l") € Do and D1(I") C D1 are continuous embeddings.

Also, elementary verifications give:

Lemma 3.1. (i) For the L2-norm, {/p, p H'-admissible} = D,.
(i) For the H*-norm, {/p, p H'-admissible} = D;.

3.3. Existence of a W € I such that py be H'-admissible
This section is mainly devoted to prove the following proposition.

Proposition 3.2. Let I be a class of symmetry such that I' N LZ(R3V) # {0}.
(i) For N > 1, 3W € I N L2(R3N) such that py be H'-admissible.
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(i) For N > 2, 3W € I n L3(R3N) N H? such that py be H'-admissible. (When
N =1, (ii) dso holds for G = O(3) and G = 0O(2).)

At the same time, we shall obtain the following result that will be used in sec-
tion 3.6.

Remark 3.2. The wavefunction W in proposition 3.2 can be obtained in the following
form:

W= An[®(wi, ..., wp)p1(r1) - dn(rn)],

where ® € C*°((S?)P) and is of symmetry T, Jisoy |®J? = (4n)P, ® ae. # 0, and
such that for any orthonormal set (¢;) of L2(R3) of radial functions:
() pw = vazl ;% for atoms and linear molecules (with p < 3),

(if) plr, w) = [ D)2 6102 + (N, [6:(r)[2) for nonlinear molecules (with
p=1).

3.3.1. Proof of proposition 3.2 in the case G is finite

We first show in lemma 3.3 that, for N = 1, we aways have I' # {0}. We first
need the following lemma which states the existence of a subdivision of R3 into |G|
cones Q; such that G acts transitively on {Q;, 1 < j < g} (see dso [2, chapter 1]).

Lemma 3.2. Let G befiniteand g = |G| its cardinal. There exists {Q;} 1<;<4 COnvex
and digoint open cones of R3, centered at the origin, and such that:
(i) R*\ ), Q; isincluded in afinite union of planes of R?,
(i) vQ € G, Vi, 35, QQ; = Q;,
(i) VQ € G, Vi, QQ; = Q; = Q = Id.
Proof. The proof is left to the reader. It can be obtained by graphical arguments and

going through al the possible finite subgroups of O(3) (for a review of such groups,
see [28, p. 416]). O

Lemma 3.3. Let G be a finite subgroup of O(3), N = 1, x a character. Then
IF =T () is not reduced to {0}. More precisely:
(i) Vp € LY(R3,Ry) suchthat p=p, IWeT, pp = p.
(i) 3P € C>(5?), ® of symmetry I and ®(w) # 0 ae.
(i) W € T NC>®(R3), W +# 0 and W of compact support.

Proof. (i) Let d = dim(") and let f be the function such that f(x) = /d p(x) for
xe€ Qpand f(x) =0forx ¢ Qi. Let Q € G — M(Q) € U(d) be an irreducible
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matrix representation associated to x (i.e, x(Q) = > ,_1 ;mi(Q)). Let Wi;(x) =
ZQeG ng(Q)f(QX)

We recall that W;; € ', and that VQ € G, ToW;, = Z?:lml-j(Q)llek (using
M(PQ) = M(P)M(Q) for P,Q\iﬂ G). We use this for i = k£ = 1 and obtain, by
aclassical caculation, py, = |W11|2 = (1/d) Z?:1|Wj1|2. Furthermore, if x € Q4,
then W;1(X) = 6;1f(x) because M(ld) = Id and for @ # Id, QQ1 N Q1 = 0 (use
lemma 3.2). So py,,(X) = p(X) on Qy. Since py,, and p are totally symmetric, we
obtain py,, = p on R3 (use lemma 3.2).

(i) We follow the proof of (i) but using f(w) € C*(S?), with f(w) > 0 for
x = (1, w) € Q1, and supp(f) = Q1N.S?. Weobtain ® = Wy, € C™(S?), of symmetry
I, and also, D(w) = f(w) # 0for x = (1, w) € Q1, s0 P(w) # 00on Q1N S2. In order
to obtain ®(w) a.e. # 0, we may consider a sum of such functions (using functions f
with different supports).

(iii) It suffices to take W(r, w) = g(r)®(w), where @ is the solution of (ii) and ¢
is radia, regular and of compact support. O

Now we finish the proof of proposition 3.2 in the case |G| isfinite. If N =1, we
obtain (i) as a consequence of lemma 3.3 (i). Then, for N > 2, it suffices to prove (ii).
To this end, we consider the Slater determinant W = Ay[¢1--- dn_1 (onDP)] with
¢1 = ce " (where ¢ is a normalization factor), and where (¢o, ..., ¢yN) are radia and
regular functions with compact support, such that (¢;)1<j<n is an orthonormal set
in L2(R3), and ® € C>(5?) as in lemma 3.3 (i) and such that [, |®|> = 47. So
(A1, .., 0N—1, o D) is aso an orthonormal set. Hence W € ' N H* and, in spherical
coordinates,

N-1 —
pw(r,w) = <Z \¢j(r)|2> + |on ()| x |Pw)|’.
j=1

When 7 — oo, pu(r) = |¢1(r)|]? = 2 e 2. Also, py(r) > |¢1(r)|?> > 0. Thus py is
H1-admissible, which concludes the proof for G finite.

3.3.2. Proof of proposition 3.2, case G = O(3).

Intable 1, werecall the character tables of SO(3) and O(3) = SO(3) x{Id, I}. We
have listed the character values for Id, Ry (arotation of angle #) and of the inversion
I, and we have denoted

sin[(2¢ + 1)0/2
xe(Rg) = [(sm(e/z))/ ] for ¢ € N.
Table 1
Character tables for SO(3) and O(3) (or Ox).
SO(3) Id Ry o(3) Id Ry I

Me  204+1 xo(Ro) Ty 20+1 xe(Re) 1
M, 20+1 xe(Re) -1
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Thus for G = O(3), for each ¢ € N, there exist exactly two characters XZ and
X, » of dimension (2¢ + 1), defined by x7(Rs) = xe(Re) and x;(I Ry) = exe(Ry)
(e = £1). We denote I'; = I'(x7) the corresponding class of symmetry (it is a
subspace of L2(R3M)), and ¢ is called the parity of ['S. In particular, if W € I'$ then
W(—x) = e¥(x).

In the following lemma, we list the cases when the space I'; N L3(R3Y) is not
reduced to {0}, construct a wavefunction W in this space and calculate its density
function py.

Lemma34. Lt G=0(3),/cN,e==+1,andl =T7.
(i) When N =1, I'5 N LZ(R3N) # {0} if and only if € = (—1)".
(i) When N =2, I'5 N L3(R3N) # {0} if and only if I # I'5.
(iii) When N > 3, I N LAR3N) £ {0}.
(iv) Inall cases, if I§ N LA(R3N) £ {0}, then IW € I N L3(R3Y) of the form
W= Ay [®(ws,. .., wp)p1(r1) - - dn(rn)], (19)

where p < 3, ® € C®((S?)P), d(z) ae. # 0, and where the (¢;) can be any
radial functions of L2(R3).

(v) If @ e L?((S?)P) is such that Jisoy |®|? = (4n)P, if ¢1,..., ¢y isan orthonormal
set of radia functions in L2(R3), then for W as in (15):

N
por) = o[>
j=1

Proof. (i) is immediate because on L?(S?), there is only one class of symmetry of
dimension 2¢ + 1, spanned by the spherical harmonics (Yy,,,), m € [—¢,£], and of
parity ¢ = (—1)¢ (see [28]). Then we can take ¥ = Y,,,,¢ with ¢ a radial function.

Thus for N > 1, when ¢ = (—1)!, it is easy to conclude r; # {0} and to prove
(iv), using a function of the form W = An[Ye (w1)o1(r1) - - - dn(rn)]. But for the
genera case we need other arguments.

(ii) Case ¢ = 0. Fg = {0} is obtained using W = Aj[¢1 ¢2], ¢; radia and
orthonormal in L%(R3). Also, [y = {0}, because if W € Iy, then note that W is of
the form W = Wy(rq1, 72, r12) where r; = |x;| and r12 = |[X1 — X2| (use the invariance
by rotations). On the other hand, W(—x1, —X2) = —W(X1, X2) and therefore W = 0.

Case/ > 1. Werecall that given two non-negative integers ¢, > /1, the following
decomposition holds (see [24]):

1 1 2 2 2
Dgl) ® Déz) - DéZ)*él S Dgz)féfrl G- D D§2)+21' (16)

We have denoted DY @ DY the subspace of L?(S? x S?) spanned by the (2¢1 + 1)
X (202 + 1) functions Yy, ;(w1) Yy, j(w2), and D?) are some subspaces of L2(S? x 52),
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of dimension 2¢ + 1 (thus non-empty), of symmetry I'; where e = (—1)%**2 (because
it is the parity of the functions of DY ® D).

If e =1 wetake V1 =l = E in (16) We have ¢ € [0, 2/], therefore there
appears aD(Z) in (16), and it is of parity (—1)% = 1.

If e = —1 and ¢ > 1, we take /41 _E and /o, = ¢+ 1. Since ¢ > 1, we still have
¢ € [1,2¢ + 1] and we obtain now aD of parity —1.

In all cases, we choose ® ¢ D(Z) so that ® € L2(S2 x $2), ® # 0, and of
symmetry I';. Finally we can take llJ = Ao[D(w1, w2)d1(r1)d2(r2)], where (¢;) are
radial functions, and orthonormal in L2(R%). So W # 0, W ¢ L(R3 x R3), and
Werl?s.

(ﬁi) Case N > 3. If ' # Iy, we know from the study of (ii) that there exists
® € L?((S?)?), normalized and of symmetry . We then extend ® on L?((S?)3) by
D(w1, w2, wz) = P(wy, wy).

If I =Tg, for N = 3 we define on (52)3: ®(wy, wa, wz) = det(Xq, X2, X3), where
X; is the vector (1,w;). Thus ® is of symmetry I

In al cases, we have obtained ® € COO((SZ)P) (with p < 3), ® == 0 and of
symmetry I.

Then let be N radia functions ¢1, . . ., ¢, orthonormal in L2(R3), and consider
Y asin (15). Note that W € I is straightforward, and also W = 0 (for instance using
(V).

(iv) Follows from (i), (ii) and (iii). In fact, we have obtained, furthermore, ®
#£ 0 ae. on (S?)P, because otherwise @ is an analytical function which would vanish
on a set of positive measure, so we would have @ = 0.

(v) For simplicity of presentation, we prove only the case p = 2. Note that if
o € Sy, then [T71, 6(ro() = [1721 o-1(;y(r;)- SO up to achange of o into o2,
and if we denote r; = |x;| and w; = x;/r; € 52, we obtain

N
1
W= —— Z (o) P(wy—11), We—1(2) H%U)(Tj)-
v NI - -

ocESN j=1
Then

__ N

pp=— dwy - --dwnl, a7)

47T (SZ)N

where

I:/ T%drzooorjzvdrN|W|2
[Ooo]N_l

1 _
=N Z £(0)e(7) P(wy-1(), Wy-112)) P(Wr-1(7), Wr-1(3))

o,TESN

X Go(1)(r1)dr(1)(r1) H < (Do) ¢T(g)>> (18)
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Since (¢i, ¢j) = 6;5, the only nonvanishing terms in (18) are obtained when o(j) =
7(j), Vi =2,...,N, and thus only when ¢ = 7. Therefore,
1 1 2 2
I= WW Z ‘cb(wo—l(l)awo—l(Z))‘ ‘¢0(1)(r1)‘ . (19

oESN

If we introduce (19) into (17) and use [ 52> |®|? = (47)?, we obtain

. 1 al
pw(ry) = ™o Z |¢a(1)(7“1)|2 = Z ‘%’(Tl)\z. O

oESN j=1

Now we can conclude the proof of proposition 3.2 for G = O(3). Since ' N L3(R3N)
{0}, by lemma 3.4 we can take W as in equation (15). Then using (v) we obtain
Py = Z?’:l |¢j|? for any set of IV radial and orthonormal functions (¢;) in L?(R3).
We can choose (¢;) such that furthermore W € H! and py be H'-admissible. This
concludes the proof.

3.3.3. Proof of proposition 3.2 in the case of linear molecules

We list the classes of symmetry and see which ones are not reduced to {0} ;
the results are summarized in the character tables (tables 2 and 3) and in lemma 3.5.
This lemma, and the proof of proposition 3.2 in the linear case, can be proved using
arguments of the same type as in the atom case (this is l€eft to the reader).

To the left in tables 2 and 3, we have listed the classes of symmetry, and we
recall the corresponding character values. We have denoted C? the rotation ¢ — ¢+,
and o the symmetry ¢ — —¢ (in the cylindrical coordinates (r, z, ¢)). To the right,
the columns N = 1 and N = 2 contain an example of a function in ' N L3(R3N) in
the case ' N L2(R3N) # {0}, otherwise contains “0” (so I N L2(R3M) # {0} as soon
as N > 2).

For O(2), in table 2, we see three different types of classes of symmetry: I 4,
and I 4,, of dimension one, and the classes of dimension two, ', (with & € N*). We
have denoted o a function of L?(R3) such that 1o(X) = vo(r, 2), i.€., that does not
depend of the cylindrical coordinate ¢.

For G = O(2) x {Id, I}, in table 3, we have denoted by ¢ = + the parity of I
(e = x(I) for T =T (x)). Also, intable 3, 1o and 1)1 are two functions of L?(R3) which
are ¢-independent and such that 1 (r, —z) = —1(r, 2) and o(r, —2z) = 1o(r, 2) (and
Ay is the operator Ay for N = 2, see (12)).

Table 2
Character tables for O(2) (or C'ocv).
02 Id c’ o N=1 N=2
Ma, 1 1 1 1o
I, 1 1 -1 0 Po(X1)ho(X2) Sin(¢1 — ¢2)
M, 2 2 cos(k6) 0 hod?®
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Table 3
Character tables for O(2) x {Id, I} (or Daop).
0@ x{ld,1} Id c? o I N=1 N=2
ri 1 1 1 1 o
M 1 1 I 1
rh, 1 1 -1 1 {0 Yo(X1)ho(X2) Sin(gr — ¢2)
., 1 1 -1 -1 {0} Y1(X1)o(X2) — Yo(X1)y1(X2)
Mo 2 2cos(kf) 0 1 e
Mo, 2 2cos(k6) 0 -1 qpet®

Lemma 35. Let G =0(2) x{ld, I} or G = O(2), and I' a class of symmetry.
(i) For N > 2, T N L3(R3N) # {0}.
(i) For N =1, we have I' # {0} except for I =T 4,, F’Afz, orl,,.
(iii) 1f N > 2, then there exists W in ' N L2(R3M) of the following form:
W = Ay [®(¢1, 92)1(r1, 21) - - - Y (rn, 2n)], (20)

where ® € C((S1)?), @ # 0, ae. and where the (v;) can be any functions of
the form ; = ;(r, z) (and furthermore, if G = O(2) x {Id, I} and if I is of
parity e, with ¢1(r, —z) = e ¥1(r, z) and ¢;(r, —z) = ¢;(r, z) for i > 2).

(V) If fisay2 |®|2 = (2)? and the ¢; are orthonormal, then for W as in (20):
al 2
py(r, z) = Z |1hj(r, 2)|".
=1

To conclude, note that the results of this section imply aso the following:

Remark 3.3. If N > 2 then ' N LZ(R3N) n H! # {0} except in one case: when
N =2, G=0(3) (atom) and with " =T .

3.4. Proof of theorem 2.1 and corollary 2.1

Note that corollary 2.1 will be a consequence of theorem 2.1 and of lemma 3.1.
Thus we have only to prove theorem 2.1. Also, we only prove part (i) because the
second part (ii) can be obtained using the same method.

First, using proposition 3.2, we obtain the existence of aW; € I'N LZ(R3V)n A
such that py, be H ladmissible. The idea is then “to deform W; into a W,” such
that py, = p. We proceed as in [5] and introduce the following unitary operator on
LA(R3N):

N 12
(TeW)(Xa, ... XN) = (H Jf(xi)> W), ..., fxw)), (21)
i=1
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where J; = | det(0f;/0x;)| is the absolute value of the Jacobian determinant of f
(for aregular f). Using the change of variable formula one can obtain the following
fundamental property of Ts:

if Yo =TiW1 then py, =f x py,, (22)
where we have denoted
(f = p)(x) == Jr () p(F(x))-
Note. f x p represents the density p “deformed” by f.

We aso need the following definition:

Definition 3.2. We say that f: R3 — R3 is symmetric if
vQ e G, H(Q) = Q(f).

Note that in [5] it was proved that if f is symmetric then T¢(I") C I'. Also, we
recall that using a combination of results of [5], we have obtained a constructive proof
for the following

Theorem 3.1. If p; and p, are two H!-admissible density functions such that [ p1 =
[ pa2, then there exists a C(R3)-diffeomorphism f such that:

(i) p2 =T+ p1,
(i) f is symmetric,
(iii) T¢(HY) c HY,
(iv) f(R)) =R, forj=1,...,P,
(v) Df = (0f;/0z;) is bounded on R3,

Note. Solving p» = f % p1 (for given densities pi1, p2) is known as the Jacobian
problem [12,37]. Although in [5] theorem 3.1 was only stated for nonlinear molecules
(and atoms), it can be checked that it still holds for linear molecules.

Now let W, = T¢W; wheref isasolution of p = f x py, asin the above theorem.
(By changing W, by a constant factor, we can aways suppose [ p = [ py,.) We have
aso py, = f * py, using (22).

Sincef is symmetric, note that J;(QX) = Ji(X) for Q € G. Hence py, = fxpy, =
p. Furthermore, W, € ' N H! using theorem 3.1, (i) and (iii). Finaly, ¥ = W, isa
solution of our problem.
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3.5. Proof of theorem 2.2

Let us introduce the following natural extension of a Jacobian problem, i.e., via
a change of variable formula.

Definition 3.3. Let p; bein L}(R3 R, ) and let f : R® — R® be a measurable function.
We say that f solves the Jacobian problem p, = f % p1 in the measure sensg, if, for
any measurable u: R® — R (bounded),

/R ulf)po = /R .

We first establish the existence of symmetric solutions for the Jacobian problem,
as in [4], but here in the measure sense (see below, and see also [17,39] for funda
mental results without symmetry). We were not able to extend this result to nonlinear
molecules.

Theorem 3.2. Let G be the point group of an atom or a linear molecule. Let p1, p2
be in LY(R3,R,), totaly symmetric, with p; > 0 (almost everywhere), and such that
[p1 = [ p2. Then there exists a measurable f:R3 — R3, symmetric (see defini-
tion 3.2) and solution of py = f % p1 in the measure sense.

Proof. In the atom case, the density functions are radial and there is a solution of
the form f = f(r)u, (with u, = x/r and r = |x|), where f(r) is defined by (see [4,

section V)
) r
/ t2pa(t) dt = / 2 po(t) dt.
0 0

In the linear case, we proceed as in [4, section V], but using the cylindrical
coordinates (r, z, ¢) € R, x R x (0, 27). The correspondence with the Euclidean co-
ordinates (x,y, z) = G(r, z, ¢) is defined by x = r cos(¢) and y = r sin(¢). We denote
pi = pi(r, 2) the density functions (they are totally symmetric, so are ¢-independent).
Let C = [p; fori=1,2. Wehave [;° [*_ drdz rp(r,z) = 2r/C.

Then we solve p; = f; =« C (i.e., J;, = p;/C) in the measure sense, as follows.
First, a solution of Jy, = rp;(r, 2)/C is given by

Gip(r) =2rCL 5 [% 7 pi(r', ) o 02,
6i(r2) = [ pilr ) o' x ([, pir ) 8) 7
9i6(¢) = (2m) 1.

Then we define f; by g; = f;(G). The case of vanishing density functions is in fact not
important in the definition of g; (except for inversion, see [4]). Findly, f = f ()
solves p, = f * pp in the measure sense.
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Now we must check that f is symmetric. Note that in cylindrical coordinates, f
is represented by g = g;l(gz) and thus is of the form (r, z, @) — (ry(r), z4(r, 2), @),
where (ry, z4) are implicitly defined by

/g/ r’pl(r',z')dr'dz’:// r'pz(r’,z’) dr’ dz’
0 —00 0 J—o0

S22 palrg, 2) A2’ [Z pa(r, 2) 02
[ palrg, 2)de’ [ pa(r, 2) dz'
Hence, g is symmetric in the case G = O(2).
If G = O(2) x {ld, I}, we have to check furthermore that r,(r, —z) = r4(r, 2)
and zy(r, —z) = —ry(r, z). Thisisasimple verification using the fact that in this case
pi(r,—z) = pi(r, z), which concludes the proof. O

and

Now we come to the proof of theorem 2.2. To prove (i), let p € Dg (see
definition 3.1) be such that [ p > 0. We look for W € ' N LZ(R3M) such that py = p.
First, we choose W; € I' N L3(R®*M) such that py, > 0 ae. on R3 (proposition 3.2).
Let p1 = py,. We can also modify Wy such that [ p1 = [ p. By theorem 3.2 there
exists f symmetric, solution of p = f % pp in the measure sense. We define W = T{W,
(where J; = p/p1(f)) and obtain W € ' N L3(R3Y) and py = p (see [4]).

To prove (ii), i.e., the openness of the map W —  /py, we adapt the proof of [4].
We recall that it is equivalent to show the following. Given W € I'n L3(R3M), p = py
and p, € Do a sequence such that \/p, — /p in L2(R3), find a sequence (¥,,)
of LZ(R3N) such that W,, € T, py, = pp, and ¥,, — W in L. For simplicity of
presentation we suppose [ p,, = N for al n.

We keep the constructions used in the proof of theorem 3.2, and we denote f[p;]
our solution of J; = p;/N. Note that as in proposition 3.1 and theorem 3.1 of [4] we
can obtain that if Ty, is defined as in equation (21) (except that Jij,; must be replaced

by p/N), then Ty, is a unitary operator from A, L?((0,1)%) onto K, defined by
K,={We L3(R*); (p(x) =0) = (py(z) =0) ae}

(for given representatives of p and py). In order to stay in L2(R3Y), we introduce
the density function po(x) = ae "~ I?! (i.e, totally symmetric and > 0), where @ > 0
is such that [ po = IV, and define f[pg] and Tg,, in the same way. We obtain that
U(p) = i1 (Tripe)) 1 = Tipg)-10f[,) 1S @ Unitary operator from L5(R3Y) onto K,,.

In particular, for p = py we seethat p = 0 = py = 0 (ae. on R3), and thus
there exists ® € L2(R3M) such that W = U(p)®. Then we define W,, = U(p,,)P.

Let us check that W,, is a solution of our problem. First note that U(p) = T
and U(p,) = Tt, where f = f[po] "L o f[p] and f,, = f[po] ~* o f[p,]. By construction,
f and f,, are symmetric and solve p = f * pg and p,, = f,, * po in the measure sense.
Also, py, = f,, % po in the measure sense. Thus py,, = f,, % po = p,,. Notethat ® € I
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because W € I and U(p)~t = (T;)~* keeps the symmetry (using that f is symmetric).
Also, W,, € T because U(p,) = Ty, keeps the symmetry (since f,, is symmetric).
Finally, we can check as in proposition 3.3 and proposition 3.4 of [4] that \/p —
U(p)® is a continuous map from Dy into LZ(R3Y). So W,, = U(p,)P converges
towards U(p)® = W in L?, which concludes the proof of theorem 2.2. O

3.6. Proof of theorem 2.3
We first establish a density result. Let HX(R3V) := L3(R3N) n HL.

Proposition 3.3. Let N > 2 and I' aclass of symmetry such that ' N L2(R3) £ {0}.
Then, for the H1-norm:

{W, WelNnHLRN)NC>(R3N), pp Hl-admissble} =T N H; (R3Y).

Proof. Lete > 0and W € I N HYR3N). There exists Wo € HI(R3N) N C®
with compact support and such that [|Wo — W[/ 51 < /2 (where we define || W2, =
W[5 + [|[VW|3). Let R > 0 such that supp(Wo) C [~R, R]*N. Let Wy = P, W
(x the character associated with ). By definition of P, we obtain easily W, €
N HYR3N) N C=®, supp(W1) € [-R, RPN, and ||W1 — W g < [|[Wo — W[ < ¢
(snce W1 —W =P (Y — V).

We then consider for A > 0, W, = W1 + A\O, where © is of the form

O = Ay [P(w1, ..., wp)p1(r1) - - - dN(rn)].

We are going to search for A and © such that W, be an approximation of W and py,
be H'-admissible.

Using remark 3.2, we know that, given orthonormal (¢;) in L2(R3) (radia func-
tions), there exists a ® € C°((S?)?) and of symmetry T, such that po = S, |¢4|?
in the atom and linear cases, and py = S, |¢]2 + |1/ |®|2 in the nonlinear case
(with p = 1).

We have py, = py, + A\?pe + 2NRe(I) where

I(Xl) = / L|J1(X1,X2, .. ) é(Xl,Xz, .. ) dX2 - dXN. (23)
R3N-3

Then we choose regular functions (¢;) such that ¢ > 0 and ¢on(r) = € " for
r > 1, and (¢)1<i<y—1 With compact support included in R3\[— R, R]3, and such
that (41, . .., ¢n) be orthonormal in L2(R3). Since N > 1 and because of the digjoint
supports, we obtain 7 = 0.

Note also that pg is H'-admissible, and that py, is of compact support. Then,
we choose A > 0 small enough so that ||V, — W| 5 < . We have W, € T, regular,
and we can check that py, = py, + Apg is dso H!-admissible. O

Using similar arguments as in Lieb [31] (theorem 3.3), and corollary 3.1, we can
also obtain the following lemma:
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Lemma 36. Let W; € L3(R3*Y) and p; = py,, such that

(i) W; — W weakly in LZ(R3N) and strongly in L(Q) for any bounded Q,
(i) pj — p weskly in LL(R3).

Then W, — W strongly in L3(R3Y), and, in particular, p = py.

Now we can prove theorem 2.3. First, we obtain (9) using proposition 3.3. Then,
in order to show that Fr[p] isaminimum when p isan H'-admissible density function,
let W; be a minimizing sequence for E[W;] (where we denote E[W] = (¥, HW¥)) and
such that p = py,. Since v € L¥?(R3%) + L>®(R3) in (1), we have ||W;| ;2 bounded
as soon as E[W;] is bounded. So we may extract a subsequence (W;) that is weakly
convergent to a W in H?, and strongly convergent to W in L(Q) for any bounded set
Q c R3V,

We apply lemma 3.6 to (W) (with p; = p), and obtain that W; — W in L3(R3Y)
and p = py. The state W till has the symmetry I'. So Fr[p] < E[Y].

Also, there exists a constant C' > 0 such that ¢(®) = E[®]+ C||P||, isa positive
quadratic form. So ¢(W) < liminf ¢(W¥;), and we obtain E[W] < lim E[W;] = Fr[p].
Hence Fr[p] = E[W] with p = py which concludes the proof of theorem 2.3.

3.7. Miscellaneous results and remarks

In the following theorem, we give dight improvements of theorem 2.1, corol-
lary 2.1 and proposition 3.3, by demanding more regularity on the wavefunctions W.
Let E be the following subset of R3V:

Ei={(x1,...,xn) € R¥, 3i, x; € K}

Theorem 3.3. Let N > 2 and let I be a class such that ' N L3(R3N) # {0}.

(i) Let p be H'-admissible. There exists W € ' N LZ(R3N) N H! N C®(R3N\E),
with W and VW bounded on R3V, such that py = p.

(i) {\/pw, W € T N LAR3N) N HL N C®R3N), py Hl-admissble} is dense in
D1 ={p, p=0, /pe HY(R3, p=p} for the H -topology.

Proof. (i) We proceed as in section 3.4 and search for W in the form W := T¢W;. In
order to obtain the regularity on W, we start from a W, € C°(R3N) (in "), with W,
and VW; bounded, and such that p; = py, be H!-admissible (using remark 3.2). We
consider the solution f of p = f * p1 as in theorem 3.1, which gives pp = p. Then,
the deformation Ty keeps the regularity except possibly at the nuclel positions, so
W ¢ C°°(R3N\ E). By theorem 3.1 we have also Df = (0fi/0x;) (and Jr) bounded in
R3. Using J; = p1/p(f) and the fact that Vp/p and Vp1/p1 are bounded, we deduce
from

Vi _ Vo 1 Vel

ko m p(f)
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that VJ; is bounded in R3. We then conclude easily that W and VW are
bounded.

(if) This is a consequence of proposition 3.3 and corollary 3.1 and the fact that
if 6 is a continuous application and if A is dense in B then 6(A) is dense in 6(B).
(Furthermore, in order to have W € C*°, we consider here only functions p that are
regular and H'-admissible.) O

Remark 3.4. Inthe case N = 1, we have py = |W|? and theorem 2.1 (i) may not hold
because of vanishing density functions.

To illustrate the above remark, we give an example. Let G = {ld,s} where
o(z,y, 2) = (z,y, —=2) is the symmetry of plane N = {(z,v,2) € R3, z = 0}. There
are two classes of symmetry: 4, = {W € L2R3), W(o) = W} and M4, = {W €
L2(R3), W(o) = —W}. Note that if W e [ 4, N HY, then W(z, y,.) is well-defined in
L?(R?) by the usual trace theorem, and W(z,y,0) = 0. S0 py = py = |W|? vanishes
on M. Reciprocally, if p > 0, /p € H}R®) and ,/p|n = 0. Then we can define
W= /pforz>0and¥=—/pforz<0, and check that W € [ 4, N HY(R3). Thus

{pw, WeT,nHYR®} ={p>0, Vpe H(R®), p=p, /pln =0}

Characterizations of the same type can be obtained for the other classes of symmetry
when N = 1.

4. Some applications

A first way to approximate the energy Eor from the theoretical definition (8) is
the following. Take Wy € I to be a given reference wavefunction (an initial guess of
the exact eigenvector associated to Egr). Define

E[f; l-Po] = <Tfl'|J0, HTfl‘P0>/<Tfl‘PO, Tfl'IJ0>, (24)

where f is assumed to be any symmetric deformation of R® (see section 3.4). Note
that Eor < E[f;Wo] because T{Wo € I', S0 equation (24) is variational.

Then the energy E[f; Wo] (energy of the wavefunction W = T;Wy) can be cacu-
lated for instance using a variational Monte Carlo method [47]. In this case we can
take Wy = Q J‘Pge‘, aproduct of a Jastrow factor @ ; (which does not affect symmetry)
and of a determinant wget e ' (or asimple linear combination of determinants). It is
known that the Jastrow factor, introduced in order to take into account dynamic cor-
relation, deteriorates the density function of WS‘*. Thus the deformation f can be used
to recover a better density (with only few parameters to optimize for f). Numerical
examples are given in [6] for helium and [3] for atoms and a diatomic molecule.

Furthermore, if f = f, is a solution of the Jacobian problem p = f x py, for
symmetric p densities then

p — Effp; Wol (25)
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becomes a true variational density functional for the energy Eor. A natural question
is then how to compute the energy in (25) (solving the Jacobian problem in the same
time)?

We mention here that this task has been considerably simplified in the case
of a periodic crystal model, where Wy is a plane wave determinant in some Bloch
space and where f, is a “periodic deformation” of the lattice cell (f, is closed to
the identity deformation; periodicity corresponds here to symmetry with respect to
the cdl). In [7-10] it is shown, using aimost explicit calculations, how to recover
rigorously the usual DFT approximations in the slowly varying density limit (p closed
to the average density) and assuming the number of electrons IV islarge. In particular,
we show how to recover Thomas—Fermi, Von-Weisacker and Slater—Dirac functionals,
within the same deformation approach.

Finally, we also mention the work and Ludefia et al. [34], an approach that uses
deformations in order to dea with the density constraint in T'(p) (also denoted T[],
the infimum of the kinetic energy of the free-electron gas with constraint density p).
For the “exact” p density, this minimization procedure is believed to give the “exact”
exchange-correlation potential V.. (as a Lagrange parameter associated to the p con-
straint, see [11,41,48]). In this approach we should aso take care of the symmetry.
In [34] radially symmetric situations are studied (atoms). Looking carefully at this
work shows that indeed it is only the radially symmetric part of the densities that are
constrained to keep a given radia density. So indeed a better formulation for T'(p)
could be (for totally symmetric p’s):

Tr (p) := inf{ Tkin(¥), pw =p, W T N H', W = det}

(the notation W = det meaning determinantal wavefunctions) in the case the class I
is of dimension one or can be reached by determinant wavefunctions. Otherwise we
could use

Tr(p) := inf{Tiin(¥), pp = p, W T N H'}

(eventuadly W € I and is a small linear combination of determinant). Anew, using
the results of the paper, the above quantities are well defined as soon as N > 2
and I N L3(R3N) £ {0}. They could also be approximated, in principle, using a
deformation approach as above, and we hope to be able to study these energies in a
periodic model asin [8].

Acknowledgements

It is apleasure to thank A. Savin for many inspiring discussions, C. Bigorgne and
P. Labastie for very useful remarks, and B. Grébert for various advices. The author
aso thanks J. Bellissard for suggesting some questions on the symmetry, and V. Bach,
N. Mauser and H.K.H. Siedentop for showing various references.



O. Bokanowski / New N-representability results 295

References

(1]

(2]
(3]

(4]
(9]
6]
(7]

(8]

[9]
[10]

[11]
[12]

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

[23]
[24]

[29]

[26]

V. Bach, Accuracy of mean field approximations for atoms and molecules, Commun. Math. Phys.
155 (1993) 295.

M. Berger, Géométrie, Tome 1 (Natan, 1990).

O. Bokanowski, These de Doctorat de I' Université Paul Sabatier n° 2374 (Université Paul Sabatier,
Toulouse, France, 1996).

O. Bokanowski and B. Grébert, A decomposition theorem for wave functions in molecular quantum
chemistry, Math. Models Methods Appl. Sci. 6(4) (1996) 437.

O. Bokanowski and B. Grébert, Deformations of density functions in molecular quantum chemistry,
J. Math. Phys. 37 (1996) 1553.

O. Bokanowski and B. Grébert, Utilization of deformations in molecular quantum chemistry and
application to density-functional theory, Internat. J. Quant. Chem. 68 (1998) 221-231.

O. Bokanowski, B. Grébert and N.J. Mauser, Approximations de I’ énergie cinétique en fonction de
la densité pour un modéle de Coulomb périodique, C. R. Acad. Sci. Paris Math. Phys. 329 (1999)
85-90.

O. Bokanowski, B. Grébert and N.J. Mauser, Rigorous derivation of the “X«a” exchange potential:
a deformation approach, in: Theo. Chem., ed. Nagy (1999) (to appear).

O. Bokanowski, B. Grébert and N.J. Mauser, Proc. Theor. Chem. (submitted).

O. Bokanowski and N.J. Mauser, Loca approximation for the Hartree-Fock exchange potential: a
deformation approach, Math. Models Methods Appl. Sci. 9(6) (1999) 941-961.

O. Bokanowski, I. Schindler and H. Zidani, On the minimization of the energy of a free-electron
gas with constrained density function, Analyse Non Lin., TMA 35 (1998) 1073-1090.

B. Dacorogna and J. Moser, On a partia differential equation involving the Jacobian determinant,
Ann. Inst. Henri Poincaré (Analyse non lingaire) 7(1) (1990) 1-26.

J.P. Daudey and J.P. Malrieu, Quantum chemistry in front of symmetry-breakings, in: Strategies
and Applications in Quantum Chemistry, eds. Y. Ellinger and M. Defranceschi (Kluwer, 1996)
pp. 103-108.

H. Englisch, H. Fieseler and A. Haufe, Density-functional calculations for excited-state energies,
Phys. Rev. A 37 (1988) 4570-4576.

Fefferman and Seco, On the Dirac and Schwinger corrections to the ground-state energy of an atom,
Advances in Math. 107 (1994) 1-185.

G. Friesecke, Pair correlation and exchange phenomena in the free electron gas, Comm. Math. Phys.
184 (1997) 143-171.

C. Goffman and G. Pedrick, A proof of the homeomorphism of Lebesgue-Stieltjes measure with
L ebesgue measure, Proc. Amer. Math. Soc. 52 (1975) 196-198.

A. Gorling, Symmetry in density-functiona theory, Phys. Rev. A 47 (1993) 2783.

A. Gorling, Density functional theory for excited states, Phys. Rev. A 54 (1996) 3912—2915.
E.K.U. Gross, L.N. Oliveira and W. Kohn, Density-functional theory for ensembles of fractionally
occupied states, Phys. Rev. A 37 (1988) 2809-2820.

J.E. Harriman, Orthonormal orbitals for the representation of an arbitrary density, Phys. Rev. A 24
(1981) 680.

M. Hoffmann-Ostenhof and T. Hoffmann-Ostenhof, Schridinger inequalities and asymptotic behav-
ior of the electron density of atoms and molecules, Phys. Rev. A 16 (1977) 1782.

P. Hohenberg and W. Kohn, Inhomogeneous €electron gas, Phys. Rev. B 136 (1964) 864.

I.G. Kaplan, Symmetry of Many-Electron Systems, Physical Chemistry, Vol. 34 (Academic Press,
1975).

T. Kato, On the eigenfunctions of many-particle systems in quantum mechanics, Comm. Pure Appl.
Math. 10 (1957) 151-157.

W. Kohn and L.J. Sham, Self-consistent equations including exchange and correlation effects, Phys.
Rev. A 140 (1965) 1133.



296

[27]

(28]
[29]

(30]
(31]
(32]

(33]

(34]
(39]
(36]
(37]
(38]
(39]
[40]
(41]
(42]
[43]
[44]

(49]

[46]
[47]
(48]

(49]

O. Bokanowski / New N-representability results

E.S. Kryachko and E.V. Ludefia, Energy Density Functional Theory of Many-Electron Systems
(Kluwer, Dordrecht, 1990).

L. Landau and E. Lifschitz, Physique Théorique, Tome 3: Mécanique Quantique (Mir, 1975).

C. Lee, W. Yang and R.G. Parr, Developement of the Colle-Salvetti correlation energy formulainto
afunctional of the electron density, Phys. Rev. B 37 (1988) 785.

M. Levy, Proc. Natl. Acad. Sci. USA 76 (1979) 6062.

E. Lieb, Density functiona for Coulomb systems, in: Physics as Natural Philosophy: Essays
in Honor of LasZo Tisza on his 75th Birthday, eds. H. Feshback and A. Shimony (MIT Press,
Cambridge, MA, 1982) pp. 111-149. See dso Internat. J. Quant. Chem. 24 (1983) 243.

E. Lieb, in: Density Functional Methods in Physics, eds. R.M. Dreizler and J. da Providencia
(Plenum, New York, 1985) p. 31. (Same as [31] but with a supplementary section on excited
states.)

E.V. Ludefia, R. Lopez-Boada, J. Maldonado, E. Vaderrama, E.S. Kryachko, T. Koga and J. Hinze,
Local-scaling transformation version of density functiona theory, Internat. J. Quant. Chem. 56
(1995) 285-301.

E.V. Ludefa, R. Lopez-Boada and R. Pino, Approximate Kinetic energy density functional s generated
by local-scaling transformations, Can. J. Chem. 74 (1996) 1097-1105.

V.W. Macke, Zur wellenmechanischen Behandlung von Vielkorperproblemen, Ann. Phys. (Leipzig)
17 (1955) 1.

N.H. March and W.H. Young, Variational methods based on the density matrix, Proc. Phys. Soc.
72 (1958) 182.

J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965) 286-294.
A. Nagy, Excited states in density functional theory, Internat. J. Quant. Chem. 70 (1998) 681-691.
J.C. Oxtoby and S.M. Ulam, Measure-preserving homeomorphisms and metrical transitivity, Ann.
of Math. 42 (1941) 874-920.

R.T. Pack and W. Byers Brown, Cusp conditions for molecular wave functions, J. Chem. Phys.
45(2) (1966) 556.

R.G. Parr and W. Yang, Density Functional Theory of Atoms and Molecules (Oxford University
Press, 1989).

I. Petkov, M. Stoitsov and E. Kryachko, Method of local-scaling transformation and DFT in quantum
chemistry, part I, Internat. J. Quant. Chem. 29 (1986) 149; see dso Internat. J. Quant. Chem. 32
(1987) 467.

J.-P. Serre, Représentations linéaires des groupes finis (Hermann, 1967).

H.K.H. Siedentop, On the relation between the Hellmann energy functional and the ground state
energy of an N-fermion system, Z. Phys. A — Atoms and Nuclei 302 (1981) 213.

H.K.H. Siedentop and R. Weikard, A new phase space localization technique with application to
the sum of negative eigenvalues of Schrodinger operators, Ann. Scient. Ec. Norm. Sup., 4° série
24 (1991) 215.

Y. Tal, Asymptotic behavior of the ground-state charge density in atoms, Phys. Rev. A 18 (1978)
1781.

C.J. Umrigar, K.G. Wilson and JW. Wilkins, Optimized trial wave functions for quantum Monte
Carlo calculations, Phys. Rev. Lett. 60 (1988) 1719.

Q. Zhao and R. Parr, Quantities T5[n] and T:[n] in density-functional theory, Phys. Rev. A 46
(1992) 2337-2343.

G. Zumbach and K. Maschke, New approach to the calculation of density functionals, Phys. Rev.
A 28 (1983) 544.



